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A FAMILY OF QUOTIENT MAPS OF ℓ∞ THAT DO NOT
ADMIT UNIFORMLY CONTINUOUS RIGHT INVERSES
MIEK MESSERSCHMIDT
Abstract. Previously only two examples of Banach space quotient maps
which do not admit uniformly continuous right inverses were known: one due
to Aharoni and Lindenstrauss and one due to Kalton (ℓ∞ → ℓ∞/c0).
We show through an application of Kalton’s Monotone Transfinite Sequence
Theorem that a quotient map of a subspace of ℓ∞ of sequences that converge
to zero along an ideal in N toward another such subspace, provided one of
the ideals is ‘much larger’ than the other, cannot have a uniformly continuous
right inverse. We show in general that pairs of ideals in N, with one much
larger than the other, occur in abundance.
Some classical examples of ideals in N presented explicitly are: the finite
subsets of N, the subsets of N with convergent reciprocal series, and, the subsets
of N with density zero, Banach density zero or Buck density zero.
1. Introduction
Consider the following question:
Question 1.1. For a given Banach space X and given a closed subspace E ⊆
X, does the quotient map q : X → X/E admit a uniformly continuous (or even
Lipschitz) right inverse? That is, does there exists a uniformly continuous (or
Lipschitz) map τ : X/E → X so that q ◦ τ = id|X/E?
Of course, if E is complemented, then the question is moot. If uniform continuity
is weakened to just continuity, then the answer is ‘yes, always’ by the Bartle-Graves
Theorem [2, Corollary 17.67].
If E is not complemented, then the answer can be either ‘yes’ or ‘no’ and both al-
ternatives do occur (see [1]). Historically, this question is important in studying the
nonlinear geometry of Banach spaces. In [1], by constructing an example of such a
quotient map that has a Lipschitz right inverse, but no bounded linear right inverse,
Aharoni and Lindenstrauss constructed a pair of Banach spaces that are Lipschitz
isomorphic, but not linearly isomorphic, and thereby negatively solving the Lips-
chitz isomorphism problem: “If two Banach spaces are Lipschitz isomorphic, are
they necessarily linearly isomorphic?” Later, in [4], Kalton and Godefroy used the
same technique, of constructing a quotient map that has a Lipschitz right inverse
but no continuous linear right inverse, to prove that each nonseparable weakly com-
pactly generated Banach space gives rise to a pair of Lipschitz isomorphic Banach
spaces that are not linearly isomorphic [4, Corollary 4.4]. Furthermore, Kalton and
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Godefroy proved that this method is not available in the separable case by further
proving:
Theorem 1.2. [4, Corollary 3.2] Let X be a Banach space and E ⊆ X a closed
subspace. If the quotient X/E is separable and the quotient map q : X → X/E has
a Lipschitz right inverse, then q also has a continuous linear right inverse, i.e., the
subspace E is complemented.
For this reason the Lipschitz isomorphism problem for separable Banach spaces
remains an open problem.
Question 1.1, above, is also closely related to a natural open question on the
Lipschitz structure of general ordered Banach spaces:
Question 1.3. [10] For a Banach space X ordered by a closed cone C ⊆ X,
satisfying X = C−C, do there always exist Lipschitz continuous maps (·)+ : X → C
and (·)− : X → C satisfying x = x+ − x− for all x ∈ X?
To the author’s knowledge (and apparently that of the MathOverflow community
[9]), to date, there are only two examples of Banach space quotient maps that do
not admit uniformly continuous or Lipschitz right inverses known. They are:
Example 1.4 (Aharoni and Lindenstrauss [1]). Let C[0, 1] denote the space of
continuous functions on [0, 1] and letDQ[0, 1] denote the cádlág space of all bounded
real-valued functions on [0, 1] that are right-continuous everywhere and with left
limits existing everywhere, that only admit discontinuities at rational numbers.
With DQ[0, 1] endowed with the ‖·‖∞-norm, the quotient map q : DQ[0, 1] →
DQ[0, 1]/C[0, 1] does not admit a uniformly continuous right inverse.
Example 1.5 (Kalton [5]). The quotient map q : ℓ∞ → ℓ∞/c0 does not admit a
uniformly continuous right inverse.
Kalton’s example proceeds through application of Kalton’s Monotone Transfinite
Sequence Theorem ([5, Theorem 4.1], stated as Theorem 1.7 below) which is also
the crucial ingredient in this paper.
Definition 1.6. A Banach lattice X is said to have the Monotone Transfinite
Sequence Property if every monotone increasing transfinite sequence in X (indexed
by the first uncountable ordinal) is eventually constant.
Theorem 1.7 (Kalton’s Monotone Transfinite Sequence Theorem). If the closed
unit ball BX of a Banach lattice X embeds uniformly continuously into ℓ
∞ through
some f : BX → ℓ∞ (with uniformly continuous inverse g : f(BX) → X), then X
has the Monotone Transfinite Sequence Property.
As mentioned in [5, Theorem 4.2] (cf. Lemma 2.4 below), through a transfinite
recursive construction, it is shown that the quotient ℓ∞/c0 does not have the Mono-
tone Transfinite Sequence Property. From Kalton’s Monotone Transfinite Sequence
Theorem (Theorem 1.7) it then follows easily that the quotient q : ℓ∞ → ℓ∞/c0
does not admit a uniformly continuous right inverse.
Only very recently was it proven that subspaces of sequences in ℓ∞ that converge
to zero with respect to modes of convergence other than the usual, say in density or
Banach density1, etc. (cf. Sections 2 and 4), are not complemented in ℓ∞ and do not
1Such different modes of convergence, e.g. convergence in density, make important appearances
in other branches of mathematics like ergodic Ramsey theory (see [3, Section 4.2] for example).
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even embed (linearly) into ℓ∞. See Leonetti [7] and Kania [6] respectively. The main
aim of this paper is to show, through application of Kalton’s Monotone Transfinite
Sequence Theorem, that quotient maps toward such subspaces of sequences in ℓ∞
that converge to zero with respect to such other modes of convergence, do not admit
uniformly continuous right inverses. We will show that there are an uncountable
number of such subspaces and thereby we provide a large family of examples of
quotient maps of ℓ∞ that do not admit uniformly continuous (or Lipschitz) right
inverses, on top of the previously known two such examples, Examples 1.4 and 1.5,
above.
In Section 2 we provide the definition of an ideal i in N, the meaning of i-
convergence, and we introduce the notation ic0 by which we will denote the closed
subspace of ℓ∞ of all elements that i-converge to zero.
In Section 3 we define a strict partial order that we call ‘much larger inclusion’ (cf.
Definition 3.1) for general ideals i and j in N. We use the notation i ⋐ j. Through
application of Kalton’s Monotone Transfinite Sequence Theorem (Theorem 1.7), we
arrive at our main tool, Corollary 3.8, stating that if i ⋐ j, then the quotient map
jc0 → jc0/ic0 admits no uniformly continuous right inverse.
We also include some general remarks in Section 3 on the much larger inclu-
sion relation. Firstly, much larger inclusion is distinct from set inclusion (cf. Re-
mark 3.2). Further, for any ideals i and j in N with i ⋐ j, there necessarily exists
uncountably many incomparable ideals k in N, satisfying i ⋐ k ⋐ j (cf. Propo-
sition 3.3). Also, there exist maximal ⋐-chains (cf. Definition 3.4) of ideals in N
with the ideal f of all finite subsets of N as smallest element, and 2N as largest
element and such maximal chains are necessarily uncountable as well (cf. Propo-
sition 3.5). Therefore, not unexpectedly, much larger inclusions occur in some
abundance within the set of all ideals in N. Since there appears to be nothing
special about any particular instance of a much larger inclusion, for any ideals i
and j in N with i ⋐ j, we could conjecture that the quotient space jc0/ic0 might
always be isomorphic to ℓ∞/c0.
In Section 4 we introduce some classical ideals in N: The ideal f of all finite
subsets of N, the ideal r of all subsets of N whose reciprocal series converge, and
the ideals d,b,buck and t of all subsets of N whose respective, densities, Banach
densities, Buck densities, and, tile densities are zero. We show that Buck density
and tile density are actually identical, and, since tile density is easier to handle, we
subsequently only consider tile density.
The final section of the paper is somewhat technical, and is devoted to estab-
lishing the following much larger inclusions of the mentioned classical ideals in N.
They are collected in Corollary 5.8 as:
f t ∩ r b ∩ r r
t b d 2N.
⋐ ⋐
⋐
⋐
⋐ ⋐
⋐ ⋐ ⋐
Some of these much larger inclusions are entirely obvious, while a few others like the
much larger inclusions b∩r ⋐ b, t∩r ⋐ t and t∩r ⋐ b∩r require some rather careful
recursive constructions. Once these much larger inclusions have been established,
by applying Corollary 3.8, we present a number of explicit quotient maps of ℓ∞ and
quotient maps of its subspaces dc0, bc0, tc0, rc0, (b ∩ r)c0, (t ∩ r)c0 that do not
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admit uniformly continuous right inverses in Corollary 5.9 (but by Propositions 3.3
and 3.5 there exist many more, of course).
2. Preliminaries
All vector spaces are assumed to be over R. We assume some minimal familiarity
in the reader with Banach lattices and order ideals in Banach lattices, the reference
[11] goes far beyond what we require.
We define N := {1, 2, 3, . . .} and N0 := N ∪ {0}. For a, b ∈ N0 with a ≤ b we will
write [a, b] := {a, a + 1, . . . , b − 1, b} and [a, b) := {a, a + 1, . . . , b − 1}. For a set
K ⊆ N0 and a ∈ N0 we define K + a := {k + a | k ∈ K} and aK := {ak | k ∈ K} .
We denote the cardinality of a set B by |B| .
Definition 2.1. A subset i of 2N is called an ideal in N if:
(1) If A,B ∈ i, then A ∪B ∈ i.
(2) If A ∈ i and B ⊆ A, then B ∈ i.
Let i be an ideal in N. For C,D ⊆ N, by C ⊆ D mod i we will mean that
there exists some I ∈ i so that C ⊆ D ∪ I and by C = D mod i we mean that
both C ⊆ D mod i and D ⊆ C mod i hold. We will say C and D are i-disjoint
if C ∩D ∈ i. Let κ be any ordinal and {Aα}α∈κ a (possibly transfinite) sequence
of subsets of N. We will say that {Aα}α∈κ is i-increasing if α < β < κ implies
Aα ⊆ Aβ mod i. We will say that {Aα}α∈κ is strictly i-increasing if {Aα}α∈κ is
i-increasing and α < β < κ implies Aβ\Aα /∈ i. The terms i-decreasing and strict
i-decreasing are defined similarly.
Let i be any ideal in N. We will say that a sequence {rn}n∈N ⊆ R i-converges to
r ∈ R, if, for every ε > 0, we have {n ∈ N : |rn − r| ≥ ε} ∈ i, and we will write
i lim
n→∞
rn = r.
As is usual, we denote the space of all bounded sequences in R by ℓ∞, endowed
with the ‖·‖∞-norm.
Definition 2.2. Let i be any ideal in N. The closed subspace of ℓ∞ of all bounded
sequences that i-converge to zero will be denoted ic0 := {ξ ∈ ℓ
∞ | i limn→∞ ξn = 0}.
With f denoting the ideal of all finite subsets of N, as is usual, we will write c0 for
fc0.
Clearly, for ideals i and j in N, if i ⊆ j, then ic0 ⊆ jc0. Further, since ic0 is
an order ideal [11, Definition II.2.1] in the Banach lattice jc0, by [11, Proposition
II.5.4], the quotient jc0/ic0 is also a Banach lattice.
The following lemma is well known, with an elegant proof from [12], attributed
by Whitley to Kruse.
Lemma 2.3. There exists an uncountable collection of pairwise f-disjoint infinite
subsets of N.
The following result is mentioned without proof in [5, Theorem 4.2]. Since our
subsequent results rely on it, we provide an explicit proof.
Lemma 2.4. Let Ω denote the first uncountable ordinal. There exists a strictly
f-decreasing transfinite sequence of infinite subsets of N indexed by Ω. Also, there
exists a strictly f-increasing transfinite sequence of infinite subsets of N indexed by
Ω.
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Proof. Through transfinite recursion, we construct a transfinite sequence {Bα}α∈Ω
of strictly f -decreasing infinite subsets of N.
Let B0 := 2N.
Let κ ∈ Ω and assume, that {Bα}α<κ has been defined to be strictly f -decreasing.
For convenience, let {n
(α)
j }j∈N ⊆ N be a strictly increasing sequence so that, for all
α < κ, we have Bα = {n
(α)
j : j ∈ N}.
If κ is a successor, let λ := max{α|α < κ}, so that λ+ 1 = κ. We set
Bκ := {n
(λ)
2j ∈ Bλ : j ∈ N}.
Clearly Bκ is infinite. For all α < κ, we have Bλ\Bκ /∈ f and Bλ ⊆ Bα mod f ,
and hence Bλ\Bκ ⊆ Bα\Bκ mod f , so that Bα\Bκ /∈ f .
If κ is a limit ordinal, let (αm)m∈N ⊆ Ω be a strictly increasing sequence of
ordinals such that αm < κ for all m ∈ N and sup{αm : m ∈ N} = κ. Let
p1 := minBα1 ∈ N. Assuming, for k ∈ N, that p1 < p2 < . . . < pk have been
defined so that pj ∈
⋂j
r=1Bαr for all j ∈ {1, . . . , k}, we define pk+1 := min{n ∈⋂k+1
r=1 Bαr : n > pk}. We obtain a strictly increasing sequence (pj)j∈N so that
pj ∈
⋂j
r=1Bαr for all j ∈ N. We define the infinite set Bκ := {pj : j ∈ N}. For
any α < κ ∈ Ω, let m ∈ N satisfy α < αm < κ, and let F ∈ f be such that
Bαm ⊆ Bα ∪ F . Then
Bκ ⊆ Bαm ∪ {p1, . . . , pm−1} ⊆ Bα ∪ (F ∪ {p1, . . . , pm−1}),
and hence Bκ ⊆ Bα mod f . Also Bα\Bαm /∈ f , and since Bκ ⊆ Bαm mod f , we
have Bα\Bκ /∈ f .
We obtain the transfinite sequence {Bα}α∈Ω of strictly f -decreasing infinite sub-
sets of N.
For α ∈ Ω, by setting Cα := N\Aα, we obtain a strictly f -increasing transfinite
sequence {Cα}α∈Ω of infinite sets. 
Proposition 2.5. [5, Theorem 4.2] The quotient ℓ∞/c0 does not have the Monotone
Transfinite Sequence Property and hence its closed unit ball Bℓ∞/c0 cannot embed
uniform continuously into ℓ∞. In particular, the quotient map q : ℓ∞ → ℓ∞/c0
cannot have a uniformly continuous right inverse.
Proof. By Lemma 2.4, there exists a strictly f -increasing transfinite sequence of
infinite subsets of N, denoted by {Bα}α∈Ω. With q : ℓ∞ → ℓ∞/c0 denoting the
usual quotient map and 1A the characteristic function of a set A ∈ N, the transfinite
sequence {q(1Bα)}α∈Ω is increasing, but is not eventually constant in the Banach
lattice ℓ∞/c0. By Kalton’s Monotone Transfinite Sequence Theorem (Theorem 1.7),
the unit ball Bℓ∞/c0 cannot embed uniformly continuously into ℓ
∞. In particular,
the quotient map q : ℓ∞ → ℓ∞/c0 cannot have a uniformly continuous right inverse.

3. Much larger inclusions of ideals in N
In this section we introduce the strict partial order that we will term ‘much
larger inclusion’ (denoted by ‘⋐’) of ideals of N. Our main result, Corollary 3.8
to Lemmas 3.6 and 3.7, is the observation that if i ⋐ j, then the quotient map
jc0 → jc0/ic0 admits no uniformly continuous right inverse.
Before making this observation, we include some general remarks on much larger
inclusions. Firstly, that ‘much larger inclusion’ is different from set inclusion (cf.
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Remark 3.2). Secondly, in Propositions 3.3 and 3.5, through a kind of “bootstrap-
ping” of Lemmas 2.3 and 2.4, we show that ideals in N related by ‘much larger
inclusion’ occur abundance.
Definition 3.1. Let i and j be ideals in N. We will say that i is much smaller than
j (or j is much larger than i) and write i ⋐ j, if i ( j and there exists a countable
collection of non-empty pairwise disjoint sets {Dj}j∈N ⊆ i so that, for every infinite
subset K ⊆ N, we have that
⋃
k∈K Dk ∈ j\i.
We note that the relation ‘⋐’ is a strict partial order on the set of ideals in N.
Remark 3.2. Strict inclusion of ideals in N does not imply much larger inclusion of
ideals in N: Let j be an ideal in N that contains a non-empty set A ∈ j. Fix some
a ∈ A and define the ideal i := {B ∈ j | a /∈ B} ⊆ j. Since A /∈ i, we have i ( j. By
definition of i, for any set C ∈ j\i, we have a ∈ C. However, no set in i contains
a, and therefore no (arbitrary) union of sets from i can be an element of j\i. In
particular we do not have i ⋐ j.
Proposition 3.3. Let i and j be ideals in N with i ⋐ j. Then there exist uncountably
many pairwise incomparable ideals strictly between i and j with respect to the strict
partial order ⋐.
Proof. Let {Dj}j∈N ⊆ i be a countable collection of pairwise disjoint nonempty
sets satisfying
⋃
j∈K Dj ∈ j\i for all infinite sets K ⊆ N. By Lemma 2.3, let
{Li}i∈I ⊆ 2N be an uncountable collection of pairwise f -disjoint infinite subsets of
N.
Let i ∈ I be arbitrary. Choose strictly increasing disjoint sequences {pi,j}j∈N ⊆
N and {qi,j}j∈N ⊆ N that form a partition of Li, i.e., Li = {pi,j}j∈N ∪ {qi,j}j∈N.
We define the ideal
ki :=

A ∪B ⊆ N
∣∣∣∣∣∣ A ∈ i, B ⊆
⋃
j∈N
Dpi,j

 .
Consider the countable collection of pairwise disjoint non-empty sets {Dpi,j}j∈N ⊆ i.
Let K ⊆ N be any infinite subset of N. By definition of {Dj}j∈N ⊆ i and ki, we
have
⋃
j∈K Dpi,j ∈ ki\i. Therefore i ⋐ ki.
On the other hand, consider the countable collection of pairwise disjoint non-
empty sets {Dqi,j}j∈N ⊆ i ⊆ ki. Let K ⊆ N be any infinite subset of N. We note,
by the fact that {Dj}j∈N are pairwise disjoint and that the sequences {pi,j}j∈N ⊆ N
and {qi,j}j∈N ⊆ N are disjoint, that the sets
⋃
j∈K Dqi,j ∈ j and
⋃
j∈N Dpi,j ∈ ki
are disjoint. So, if it were the case that
⋃
j∈K Dqi,j ∈ ki, then, by definition of
ki, we must necessarily have
⋃
j∈K Dqi,j ∈ i, which, contradicts
⋃
j∈K Dqi,j ∈ j\i.
Therefore
⋃
j∈K Dqi,j ∈ j\ki. Since K ⊆ N was chosen arbitrarily as an infinite set,
we obtain ki ⋐ j.
Now let i0, i1 ∈ I be distinct. We claim that ki0 and ki1 are not comparable with
respect to the strict partial order ⋐. Since {Li}i∈I ⊆ 2N is a collection of pairwise
f -disjoint sets, {pi0,j}j∈N ∩ {pi1,j}j∈N ⊆ Li0 ∩ Li1 ∈ f . Therefore there exists some
J ∈ N, such that {pi0,j}j≥J and {pi1,j}j≥J are disjoint, and, since the elements of
{Dj}j∈N ⊆ i are pairwise disjoint, the sets
⋃∞
j=J Dpi0,j ∈ ki0 and
⋃∞
j=J Dpi1,j ∈ ki1
are thus disjoint. Therefore, if it were the case that
⋃∞
j=J Dpi0,j ∈ ki1 , then there
necessarily exists some A ∈ i such that
⋃∞
j=J Dpi0,j ⊆ A ∪
⋃J−1
j=1 Dpi1,j . Since the
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elements of {Dj}j∈N ⊆ i are pairwise disjoint, there must exist an infinite setK ⊆ N
so that
⋃
j∈K Dpi0,j ⊆ A ∈ i. But this contradicts
⋃
j∈K Dpi0,j ∈ j\i. Therefore⋃∞
j=J Dpi0,j ∈ ki0 , while
⋃∞
j=J Dpi0,j /∈ ki1 . Similarly,
⋃∞
j=J Dpi1,j ∈ ki1 , while⋃∞
j=J Dpi1,j /∈ ki0 .
The elements of the uncountable collection {ki}i∈I are thus pairwise incompa-
rable, and lie between i and j with respect to the strict partial order ⋐. 
Definition 3.4. By a ⋐-chain, we mean a set of ideals in N which is strictly totally
ordered by the strict partial order ⋐.
Proposition 3.5. Let i and j be ideals in N, with i ⋐ j. There exists a maximal
⋐-chain having i as the least element and j as greatest element and any such a
maximal ⋐-chain is uncountable. In particular, there exists a maximal ⋐-chain
having f as the least element and 2N as greatest element and any such maximal
⋐-chain is uncountable.
Proof. That a maximal ⋐-chain exists between i and j is a straightforward appli-
cation of Zorn’s lemma.
Let {Dj}j∈N ⊆ i be a countable collection of nonempty pairwise disjoint subset
so that for any infinite set K ⊆ N we have
⋃
j∈K Dj ∈ j\i. By Lemma 2.4 there
exists a transfinite strictly f -increasing sequence {Cα}α∈Ω of infinite subsets of N.
For each α ∈ Ω, define the ideal
kα :=

A ∪B ⊆ N
∣∣∣∣∣∣ A ∈ i, B ⊆
⋃
j∈Cα
Dj

 .
Let β < γ < Ω. Since Cγ\Cβ is infinite, there exists a strictly increasing sequence
{pj}j∈N ⊆ Cγ\Cβ . We consider the countable collection of nonempty pairwise dis-
joint sets {Dpj}j∈N ⊆ i ⊆ kβ . Let K ⊆ N be any infinite set. It is clear that⋃
j∈K Dpj ⊆
⋃
j∈Cγ
Dj ∈ kγ , while
⋃
j∈K Dpj is disjoint from
⋃
j∈Cβ
Dj. Therefore,
if it were the case that
⋃
j∈K Dpj ∈ kβ then, it is necessarily true that
⋃
j∈K Dpj ∈ i,
which is false. Therefore kβ ⋐ kγ . Since Ω is uncountable, we conclude that any
maximal ⋐-chain of ideals must be uncountable. 
Lemma 3.6. Let i and j be ideals in N, with i ⋐ j. There exists a strictly i-
increasing transfinite sequence of infinite sets {Bα}α∈Ω ⊆ j\i.
Proof. By Lemma 2.4 let {Cα}α∈Ω be a strictly f -increasing transfinite sequence of
infinite subsets of N. Since j is much larger than i, there exists a collection of non-
empty pairwise disjoint sets {Dj}j∈N ⊆ i so that for every infinite subset K ⊆ N
we have that
⋃
k∈K Dk ∈ j\i. For α ∈ Ω, we define Bα :=
⋃
j∈Cα
Dj . Clearly, for
α ∈ Ω, since Cα is infinite, Bα is an infinite set.
Let α < β ∈ Ω be arbitrary. Since the elements of {Dj}j∈N are pairwise dis-
joint, we have that Bβ\Bα =
⋃
j∈Cβ\Cα
Dj . But Cβ\Cα is infinite, and therefore
Bβ\Bα =
⋃
j∈Cβ\Cα
Dj /∈ i. Also Cα ⊆ Cβ mod f . Let F ∈ f be such that
Cα ⊆ Cβ ∪ F so that Bα =
⋃
j∈Cα
Dj ⊆
(⋃
j∈Cβ
Dj
)
∪
(⋃
j∈F Dj
)
. But the finite
union
⋃
j∈F Dj is an element of i, and hence Bα ⊆ Bβ mod i. Since α < β ∈ Ω
were chosen arbitrarily, {Bα}α∈Ω ⊆ j is strictly i-increasing. 
Lemma 3.7. Let i and j be ideals in N, with i ⋐ j. The quotient jc0/ic0 does not
have the Monotone Transfinite Sequence Property.
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Proof. Let q : jc0 → jc0/ic0 denote the quotient map and, for any A ⊆ N, let
1A denote the characteristic function of A. By Lemma 3.6, there exists a strictly
i-increasing transfinite sequence {Bα}α∈Ω ⊆ j\i of infinite subsets of N. The trans-
finite sequence {q(1Bα)}α∈Ω ⊆ jc0/ic0 is strictly increasing in the Banach lattice
jc0/ic0 and not eventually constant. 
Corollary 3.8. Let i and j be ideals in N, with i ⋐ j. The unit ball Bjc0/ic0 does
not embed uniform continuously into jc0. In particular, ic0 is not complemented in
jc0, and furthermore, the quotient map q : jc0 → jc0/ic0 does not admit a uniform
continuous right inverse.
Proof. Since jc0/ic0 does not have the Monotone Transfinite Sequence Property, by
Kalton’s Monotone Transfinite Sequence Theorem (Theorem 1.7), the closed unit
ball Bjc0/ic0 cannot embed uniform continuously into jc0 as Bjc0/ic0 would then
embed uniformly continuously into ℓ∞. In particular, the quotient map q : jc0 →
jc0/ic0 cannot have a uniformly continuous right inverse. 
4. Some explicit ideals in N: f , r, d, b, buck, and t.
In this section we explicitly define a number of classical ideals in N. In the next
section we establish how these ideals relate to each other through the strict partial
order ⋐. Most of the ideals in N that we consider are defined by using some notion
of density of sets in N. We refer the reader to [8] for further context.
By f we will denote the ideal of all finite subsets of N.
For a set X ⊆ N, we will call the series (or sum if X is finite)
∑
x∈X x
−1 the
reciprocal series of X. By r :=
{
X ⊆ N
∣∣ ∑
x∈X x
−1 <∞
}
we denote the ideal of
all subsets of N whose reciprocal series converge.
We define the density of a set X ⊆ N by
d(X) := lim
n→∞
|X ∩ [1, n]|
n
,
(if this limit exists) and the ideal d := {X ⊆ N : d(X) = 0}.
We define the Banach density of a set X ⊆ N by
b(X) := lim
n→∞
max
k∈N0
|X ∩ [k + 1, k + n]|
n
,
and the ideal b := {X ⊆ N : b(X) = 0}.
Define the set of all finite unions of infinite arithmetic progressions as
R :=
{
n⋃
i=1
(aiN0 + bi)
∣∣∣∣∣ n ∈ N, {ai}ni=1, {bi}ni=1 ⊆ N
}
.
We define the Buck density of a set X ⊆ N by
buck(X) := inf {d(B) | B ∈ R, X ⊆ B mod f} ,
and the ideal buck := {X ⊆ N : buck(X) = 0}.
For r ∈ N, we define Tr := 2[0,r−1] and PT r := 2[0,r−1]\{[0, r − 1]}. An element
of Tr will be called a tile (of length r). An element of PT r will be called a proper
tile (of length r). Define the set of all infinite tilings as
T :=



 ∞⋃
j=0
T + jr

 + b
∣∣∣∣∣∣ r, b ∈ N, T ∈ Tr

 ⊆ 2N.
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We define the tile density of a set X ⊆ N by
tile(X) := inf {d(A) | A ∈ T , X ⊆ A mod f} ,
and the ideal t := {X ⊆ N : tile(X) = 0}.
We remark in the following that Buck density and tile density are actually the
same.
Lemma 4.1. The inclusion T ⊆ R holds and for every B ∈ R there exists some
C ∈ T so that B = C mod f .
Proof. It is clear that T ⊆ R.
Let B ∈ R with n ∈ N, {ai}ni=1, {bi}
n
i=1 ⊆ N, so that B =
⋃n
i=1(aiN0 + bi).
Let r := lcm{ai}ni=1 and b := max{bi}
n
i=1. Define T := B ∩ [b, b + r) − b and
C :=
(⋃∞
j=0 T + jr
)
+ b. Then B ⊆ C mod f and C ⊆ B mod f . 
Corollary 4.2. The Buck density and the tile density are identical.
Proof. Let X ⊆ N be any set. For every B ∈ R with X ⊆ B mod f , by Lemma 4.1,
there exists some C ∈ T with B = C mod f . Since B and C differ by at most a
finite set, we have d(B) = d(C). Therefore tile(X) ≤ buck(X). On the other hand,
since T ⊆ R we have buck(X) ≤ tile(X), so that buck(X) = tile(X). 
In light of the previous corollary and that, for our purposes, the tile density is
easier to handle, we will work with the tile density instead of the Buck density.
5. Much larger inclusions of some explicit ideals
In this section we will prove Corollary 5.8 which displays the the much larger
inclusions of the ideals defined in the previous section by means of a number of lem-
mas. The arguments are entirely elementary, but do become increasingly technical
in this section. The reader will be sometimes be primed with an intuitive expla-
nation of the arguments involved in subsequent results, the author’s hope being to
aid in understanding the technical aspects more easily.
The first two lemmas are entirely straightforward.
Lemma 5.1. The much larger inclusion f ⋐ t ∩ r holds.
Proof. For every j ∈ N we define Bj := {2j}. Let K ⊆ N be any infinite set.
It is clear that
⋃
k∈K Bk /∈ f . Since
∑∞
k=1 2
−k converges, it is also clear that⋃
k∈K Bk ∈ r. For every n ∈ N, let T := {2
n − 1} ∈ T2n . It is further clear
that
⋃
k∈K Bk ⊆
⋃∞
j=0 (T + 2
nj)+1 mod f . While d
(⋃∞
j=0 (T + 2
nj) + 1
)
= 2−n.
Therefore tile
(⋃
k∈K Bk
)
= 0, so that
⋃
k∈K Bk ∈ t, and hence
⋃
k∈K Bk ∈ t∩r. 
Lemma 5.2. The much larger inclusions b ∩ r ⋐ r and b ⋐ d hold.
Proof. For each j ∈ N, define Bj := [2j + 1, 2j + j] ∈ b ∩ r. Let K ⊆ N be any
infinite set. Then ∑
b∈
⋃
j∈K Bj
b−1 ≤
∑
b∈
⋃
j∈N Bj
b−1 <
∞∑
j=1
j2−j <∞,
and hence
⋃
j∈K Bj ∈ r, while b(
⋃
j∈K Bj) = 1 is clear from the definition of Banach
density. Therefore
⋃
j∈K Bj /∈ b.
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We claim that
⋃
j∈K Bj ∈ d. With n ∈ N, let m = min{j ∈ N : n ≤ 2
j}. Then∣∣∣⋃j∈K Bj ∩ [1, n]∣∣∣
n
≤
∣∣∣⋃j∈N Bj ∩ [1, n]∣∣∣
n
≤
∣∣∣⋃j∈N Bj ∩ [1, 2m]∣∣∣
2m−1
<
1 + 2 + 3 + . . .+m
2m−1
=
m(m+ 1)
2m
.
Since m→∞ as n→∞, we have d(
⋃
j∈K Bj) = 0, and hence
⋃
j∈K Bj ∈ d. 
In the next lemma we establish the much larger inclusions b∩ r ⋐ b and r ⋐ d.
The idea is to consider the nested infinite arithmetic progressions 2jN for j ∈ N.
Let j ∈ N. With a, b ∈ N, if b − a > 0 is large enough, the set 2jN ∩ [a, b] can be
made to have arbitrarily large reciprocal series. On the other hand, for any finite
set F ⊆ N, the set (F ∪ 2jN) has Banach density 2−j. This in mind, one proceeds
in choosing disjoint finite sets from the arithmetic progressions 2jN (j ∈ N) with
increasingly large reciprocal sums while having decreasingly small Banach density.
Lemma 5.3. The much larger inclusions b ∩ r ⋐ b and r ⋐ d hold.
Proof. For all j ∈ N, define Lj := 2jN and let B1 := {2}. We recursively construct
a collection {Bj}j∈N of disjoint finite subsets of N as follows. Let k ∈ N, and
assume that, for all 1 ≤ j ≤ k, that {Bj}kj=1 has been defined as a collection of
finite pairwise disjoint subsets of N, so that Bj ⊆ Lj , the reciprocal series of Bj
is greater or equal to
∑j+1
m=2m
−1, and that there exists some p ∈ N so that for all
q ≥ p and v ∈ N0 we have.∣∣∣(⋃kj=1 Bj ∪ Lk+1) ∩ [v + 1, v + q]∣∣∣
q
<
1
k
.
We choose s ∈ N, and p′ ∈ N so that the following two conditions hold: Firstly, the
set Bk+1 := [maxBk+1, s]∩Lk+1 is required to have a reciprocal series greater than∑(k+1)+1
m=2 m
−1. This is possible, since Lk+1 is an infinite arithmetic progression.
Secondly, for all q ≥ p′ and v ∈ N0 we require that∣∣∣(⋃k+1j=1 Bj ∪ Lk+1) ∩ [v + 1, v + q]∣∣∣
q
<
1
k + 1
.
This is possible since Lk+1 has Banach density 2
−(k+1).
Let K ⊆ N be infinite. With {Bj}j∈N as constructed, we then have that the
reciprocal series of
⋃
j∈K Bj diverges, and hence that
⋃
j∈K Bj /∈ r. Also for every
k ∈ K we have
⋃
j∈K Bj ⊆
⋃k
j=1Bj ∪ Lk, and there exists some p ∈ N so that for
all q ≥ p ∣∣∣(⋃kj=1Bj ∪ Lk) ∩ [v + 1, v + q]∣∣∣
q
<
1
k
.
Since K is infinite, we therefore have
⋃
j∈K Bj ∈ b ⊆ d. 
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In the next lemma we show that t ∩ r ⋐ t. The main intuition is a recursive
application of the following: We start with some non-empty finite set T ⊆ N0, a
tile, with its length r(> maxT ). For any fixed a ∈ N, by choosing n ∈ N and
b ∈ N large enough, the reciprocal series of [a, b] ∩
⋃n
j=0(T + jr + 1) can be made
arbitrarily large. For j ∈ {1, . . . , n} setting Sj := T and for j > n setting Sj := ∅,
if m ∈ N is large enough, then∣∣∣[1, (m+ 1)r] ∩⋃mj=0(Sj + jr + 1)∣∣∣
(m+ 1)r − 1
can be made arbitrarily small. This process is then recursively repeated (with the
tile
⋃m
j=0(Sj + jr) of length r
′ := (m + 1)r in the next step) so as to construct
a sequence of tiles whose infinite tilings have decreasing density. One proceeds to
choose a sequence of pairwise disjoint finite sets from these nested infinite tilings
with increasing reciprocal series.
Lemma 5.4. The much larger inclusion t ∩ r ⋐ t holds.
Proof. We define T1 := {0}, r0 := 0 and r1 := 2.
Let k ∈ N. We assume that sequence of natural numbers r1 < r2 < r3 < . . . < rk
with rj+1 a multiple of rj for j ∈ {1, . . . , k − 1} have been and sets {0} = T1 ⊆
T2 ⊆ . . . ⊆ Tk ⊆ N0 have been defined to satisfy the following:
(1) For all i ∈ {1, . . . , k}, we have Ti ∈ PT ri .
(2) For all i ∈ {1, . . . , k − 1}, we have Ti+1 ⊆
⋃∞
j=0(Ti + jri).
(3) For all i ∈ {1, . . . , k},
∑
t∈Ti
(t+ ri−1 + 1)
−1 ≥ i.
(4) For all i ∈ {1, . . . , k}, we have
∣∣∣⋃ij=1(Tj + rj−1 + 1)∣∣∣ /(∑ij=1 rj) < i−1.
(5) For all i ∈ {1, . . . , k}, we have |Ti| /ri < i−1.
Let s ∈ N be the least number so that
⋃s
j=0(Tk + (rk + 1) + jrk) has reciprocal
series greater or equal to k. Let Tk+1 :=
⋃s
j=0(Tk + jrk). Let rk+1 ∈ N be the
least multiple of rk so that
∣∣∣⋃k+1j=1 (Tj + rj−1 + 1)∣∣∣ /∑k+1j=1 rk+1 < (k + 1)−1 and
|Tk+1| /rk+1 < (k + 1)−1.
With {Ti}∞i=1 and {ri}
∞
i=1 recursively defined as above, for every j ∈ N, we set
Bj := Tj + (rj−1 + 1). Then {Bj}∞j=1 ⊆ f ⊆ t ∩ r is a collection non-empty finite
pairwise disjoint sets.
For any infinite set K ⊆ N, the set
⋃
k∈K Bk has a divergent reciprocal series so⋃
k∈K Bk /∈ r. This, while for every i ∈ N, we have
⋃
k∈K Bk ⊆
⋃∞
j=0(Ti + jri + 1).
But
d

 ∞⋃
j=0
(Ti + jri + 1)

 = |Ti| /ri < i−1,
and therefore tile
(⋃
k∈K Bk
)
= 0, so that
⋃
k∈K Bk ∈ t. 
In our final lemma we will show that t∩ r ⋐ b∩ r and t ⋐ b. Before embarking
on this verification, we define what we term an anti-tile.
Definition 5.5. Let r, s ∈ N with r ≤ s and choose a labeling of the elements of
PT r as {Ti}
(2r−1)−1
i=0 . We define an anti-tile (of order r, step-length s, and length
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(2r − 1)s) as any set of the form
A(r, s) :=
(2r−1)−1⋃
i=0
{min(N0\Ti)}+ is.
In aid of the exposition that follows, we first display the following example:
Example 5.6. For a set B ⊆ N0 and all j ∈ N0, define bj := 1 if j ∈ B and oth-
erwise bj := 0, and let bin(B) := b0b1b2 . . ., truncating a tail of all-zeros anywhere
if B is finite. Let {Ti}
7−1
i=0 be a labelling of PT 3 according to increasing binary
representation. With commas inserted for readability, we have
bin(A(3, 3)) = 100,100,100,100,010,010,001
bin(
7−1⋃
i=0
Ti + 3i) = 000,001,010,011,100,101,110.
By construction, for every j ∈ {0, . . . , 6}, there exists a position where a 1 occurs
in the string bin (A(3, 3)) and where a 0 occurs at the corresponding position in the
string bin
(⋃6
i=0 Tj + 3i
)
, e.g.,
bin (A(3, 3)) = 100100100100010010001
bin
(
7−1⋃
i=0
T1 + 3i
)
= 100100100100100100100
bin
(
7−1⋃
i=0
T5 + 3i
)
= 101101101101101101101
bin
(
7−1⋃
i=0
T6 + 3i
)
= 110110110110110110110.
This feature extends to translates of infinite tilings: For any a, b ∈ N0 and for
every j ∈ {0, . . . , 6}, there exists infinitely many positions where a 1 occurs in the
string bin (
⋃∞
i=0 A(3, 3) + (7× 3)j + a), and where, in the corresponding position,
a 0 occurs in the string bin (
⋃∞
i=0 Tj + 3j + b).
For r ∈ N, an anti-tile A(r′, s) of order r′ ≥ r and step length s ≥ r′ with s ∈ rN,
is with so named, because A(r′, s) is constructed exactly to be such that an infinite
tiling of A(r′, s) is not contained mod f in any infinite tiling of any tile from PT r.
Explicitly, let r, r′ ∈ N, with r′ ≥ r. Let s ∈ rN with s ≥ r′. For any T ∈ PT r and
b ∈ N we have,∣∣∣∣∣∣

 ∞⋃
j=0
A(r′, s) + j(2r
′
− 1)s+ 1

 \

 ∞⋃
j=0
(T + jr) + b


∣∣∣∣∣∣ = ∞.
Actually, the above idea also holds for sequences of anti-tiles of order greater or
equal to r. Explicitly, let r ∈ N and let {Aj}∞j=0 ⊆ 2
N0 be a sequence of anti-tiles,
and assume, for every j ∈ N0, that Aj has order rj ≥ r and has step-length sj ∈ rN
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with sj ≥ rj . Then, for any infinite set K ⊆ N0, T ∈ PT r and b ∈ N,∣∣∣∣∣∣

⋃
j∈K
Aj +
(
j−1∑
i=0
(2ri−1 − 1)si
)
+ 1

 \

 ∞⋃
j=0
(T + jr) + b


∣∣∣∣∣∣ =∞.
To establish t ∩ r ⋐ b ∩ r and t ⋐ b in the next lemma, the idea is to consider
an infinite collection disjoint translated anti-tiles of strictly increasing order. Every
union of an infinite subcollection of these translated anti-tiles cannot be contained
in an any infinite tiling (except for N) which forces this union to have a tile-density
of 1. Furthermore, by choosing the step lengths of the anti-tiles in this infinite
collection to increase sufficiently quickly, it can be arranged that every union of
an infinite subcollection of these anti-tiles have zero Banach density and also have
convergent reciprocal series.
Lemma 5.7. The much larger inclusions t ∩ r ⋐ b ∩ r and t ⋐ b hold.
Proof. Let j ∈ N and let Aj be an anti-tile of order j and step-length j!.
Define Bj := Aj +
∑j−1
i=0 (2
i − 1)i! + 1. The collection {Bj}j∈N is a collection of
non-empty pairwise disjoint finite subsets of N.
Let K ⊆ N be any infinite set. We claim that
⋃
k∈K Bk /∈ t. By the definition of
anti-tiles, there exists no R ∈ T , except for R = N, so that
⋃
k∈K Bk ⊆ R mod f .
Therefore tile
(⋃
k∈K Bk
)
= 1 so that
⋃
k∈K Bk /∈ t.
We claim
⋃
k∈K Bk ∈ r. For every j ∈ N,
∑
b∈Bj
b−1 ≤
2j−1∑
k=1
(
kj! +
j−1∑
i=0
(2i − 1)i!
)−1
≤
2j−1∑
k=1
(kj!)
−1
≤ (2j − 1)/j!
≤ 2j/j!.
Therefore the reciprocal series of
⋃
k∈K Bk converges, and hence
⋃
k∈K Bk ∈ r.
We claim that
⋃
k∈K Bk ∈ b. Let v ∈ N0 and q ∈ N. Let j0 ∈ N be the smallest
number such that v + 1 <
∑j0−1
i=0 (2
i − 1)i! + 1 and k0 ∈ N the largest number such
that
∑k0+1
i=0 (2
i − 1)i! + 1 < v + q. We assume that q is large enough so that strict
inequalities hold in
0 < v + 1 <
j0−1∑
i=0
(2i − 1)i! + 1 <
k0∑
i=0
(2i − 1)i! + 1 < v + q.
Then ∣∣⋃
k∈K Bk ∩ [v + 1, v + q]
∣∣
q
≤
|Aj0 |+ |Aj0+2|+ . . .+ |Ak0 |
q
≤
∑k0
j=j0
(2j − 1)∑k0
i=0(2
i − 1)i!−
∑j0−1
i=0 (2
i − 1)i!
≤
∑k0
j=j0
(2j − 1)∑k0
i=j0
(2i − 1)i!
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≤
k0(2
k0 − 1)∑k0
i=j0
(2i − 1)i!
≤
k0(2
k0 − 1)
k0!(2k0 − 1)
=
1
(k0 − 1)!
.
Because k0 → ∞ as q → ∞ we obtain b
(⋃
k∈K Bk
)
= 0 and hence
⋃
k∈K Bk ∈
b. 
Corollary 5.8. The following much larger inclusions hold:
f t ∩ r b ∩ r r
t b d 2N.
⋐ ⋐
⋐
⋐
⋐ ⋐
⋐ ⋐ ⋐
Proof. This follows from Lemmas 5.1 through 5.7. 
Corollary 5.9. The following quotient maps do not admit uniformly continuous
right inverses:
ℓ∞ → ℓ∞/c0.
ℓ∞ → ℓ∞/(t ∩ r)c0.
ℓ∞ → ℓ∞/(b ∩ r)c0.
ℓ∞ → ℓ∞/rc0.
ℓ∞ → ℓ∞/tc0.
ℓ∞ → ℓ∞/bc0.
ℓ∞ → ℓ∞/dc0.
dc0 → dc0/c0.
dc0 → dc0/(t ∩ r)c0.
dc0 → dc0/(b ∩ r)c0.
dc0 → dc0/rc0.
dc0 → dc0/tc0.
dc0 → dc0/bc0.
bc0 → bc0/c0.
bc0 → bc0/(t ∩ r)c0.
bc0 → bc0/(b ∩ r)c0.
bc0 → bc0/tc0.
rc0 → rc0/c0.
rc0 → rc0/(t ∩ r)c0.
rc0 → rc0/(b ∩ r)c0.
tc0 → tc0/c0. tc0 → tc0/(t ∩ r)c0.
(b ∩ r)c0 → (b ∩ r)c0/c0. (b ∩ r)c0 → (b ∩ r)c0/(t ∩ r)c0.
(t ∩ r)c0 → (t ∩ r)c0/c0.
Proof. This follows from the combination of Corollary 5.8 and Corollary 3.8. 
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